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Abstract

In this paper, we extend a version of Caristi’s fixed point theorem proved by Bollenbacher and Hicks [ Proc.
Amer. Math. Soc. 1988; 102(4): 898-900] to S -metric spaces. We also derive some fixed point theorems from

our main result.
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INTRODUCTION AND
PRELIMINARIES

In 1988 Bollenbacher and Hicks [1]
proved a version of famous Caristi’s fixed
point theorem [2]. Bollenbacher and Hicks
showed in [1] that “ Let (X,d) be a metric
Suppose T:X->X and
p: X > [0,00). Suppose there exists an x
such that

d(y,7v) < ¢(y)-4(Ty)
for every yeO(x,oo), and any Cauchy

space.

sequence in O(x,oo) converges to a point
inX . Then:
(1) imT7T"x =X exists.
) d(1"x,%)< ¢(1"x)
(3) Tx =X iff G(x)=d(x,Tx) is T-
orbitally lower semicontinuous at
X

4) d(T"x,x)S ¢(x) and

d(x,x)< ¢(x).”

In this theorem saying that for
xeX, O(x,0)= {x,Tx,sz,...} is the orbit
of x.

Recently, Sedghi et al. [5] have
introduced the concept of S -metric spaces

and give a fixed point theorem for self-
mapping on complete S -metric spaces.

In this paper, we extend the result of
Bollenbacher and Hick’s to S -metric
spaces.

We now recall some definitions and
properties for S -metric spaces by Sedghi at
al. [5].

Definition 1.1 [5] Let X be a nonempty
set. A function S: X° — [O,oo) 1s said to be

an S-metric on X, if for -each

x,y,z,ae X,
(1) S(x,y,2)>0,
(2)S(x,y,z)=0 if and only if
xX=y=z,

(3) S(x,y,2)<S(x,x,a)+ S(y,y,a)+ S(z,z,a)

The pair (X,S) is called an S -metric
space.

Example 1.2 [5]
(1) Let X =IR"and || . || a norm on

X .Then
S(x,y,z): ||y +z— 2x|| + ||y - Z”
is an S -metric on X .

(2) Let X =IR"and | .|| a norm on

X. Then
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S(x, y,z)=||x—z||+||y—z|| 18
an S -metric on X .
(3) Let X be a nonempty set and d

be an ordinary metric on X .
Then

S(x,y,z)=d(x,2)+d(y,z) s
an S -metricon X .

Lemma 1.3 [5] Let (X, S) be an S -metric
space. Then, we have
S(x,x,y): S(y,y,x) forall x,ye X.

Definition 1.4 [5] Let (X ,S) be an S-
metric space and 4 < X.

(1) 4 sequence {x,} in X
converges to X if
S(x,,x,,x)—>0 as n— oo, that
is for every &>0 there exists
n, € IN such that for n>n,,

S(x,,x,,x)< & . In this case, we

n>>n?’

denote by limx, = x and we say

n—>0

that x is limit of {x,}in X .

(2) Asequence {xn} in X is said to
be Cauchy sequence if for each
& >0 there exists n, € IN such
that S(x,,x,,x, )<e for each
n,mzn,.

(3) The S-metric space (X,S) is
said to be complete if every
Cauchy sequence is convergent.

Lemma 1.5 [5] The limit of {x,} in S-

metric space (X ,S ) is unique.

Lemma 1.6 [5] Let (X, S) be an S -metric
space. Then the convergent sequence {x, }
in X is Cauchy.

Lemma 1.7 [5] Let (X,S) be an S -metric
space. If there exist sequence {xn} and

{ n} such that limx, =x and

n—w

limy, =y, then

n—>o0

limS(x,,x,,y,)=S(x,x,).

n—>0

Definition1.8 Let (X,S) be an S -metric
space and 7:X — X a mapping of X.
The set O(x,oo)= {x, Tx,sz,...} is called the
orbitof X .

If for an xe X, every Cauchy
sequence in O(x,OO) converges to a point in
X , then the § -metric space is said to be
(x,T ) -orbitally complete.

Definition 1.9 Let (X,S) be an S -metric
space and 7: X — X a mapping of X.A
real-valued function F:X —[0,00) is said
to be T -orbitally weak semi continuous
(w.lis.c.) at p relative to xiff {xn} is a
sequence in O(x,o0) and

limx, =p

F(p)s lim sup F(x” )

Clearly, every function F that is
T -orbitally lower semi continuous ( l.s.c.)
at p relative to xeX ( that is,

{x,}c O(x,») and limx, = p
F(p)<liminf F(x,),

implies

implies

see [1] is also T -orbitally w.ls.c. at p

relative to x, but the implications is not
reversible, see [3].

MAIN RESULTS

Several authors have obtained various
example [4,6,7], and others.

We now extend the results of
Bollenbacher and Hicks [1] to § -metric
spaces.

Theorem 2.1. Let (X,S) be an S -metric

space, T:X > X and y:X —[0,0).

Suppose there exists an x € X such that
Sy )<y (y) - wl(Ty) (M

for all yeO(x,), and (x,T)-orbitally

complete. Then:

(@) imT"x=x"e X exists,

) S(T"x,T"x,x')< 20/(T"x),

(¢) Tx'=x'if and onlyif F(z)=S(x,x,Tx)

is T -orbitally w.l.s.c. at x' relative x.

Proof: (a) Using inequality (1) we have
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=y (%) -y (1) <p(x)
Therefore {S,} is bounded above and

also non-decreasing and also convergent.
Let m > n then from property (3) of §-
metric and Lemma 1.3 , we have

S(T"x,T”x,me)
<28(r"x, 7" x, 7" x)+ S(T"x,T"x,T""'x)
=2S( ”x,T"x,T"“x)Jr S(T””x,T"”x,T'”x)

<2[S(T7x, 77, T x )+ S(T7 2, T x, T )

+S(r"x, T"x, T"x)

=2[S(r"x, 7%, 7" )+ S(Tx, T x, T"x)|

+S(T"+2x,T"+2x,T'"x)

m=2

<23 S(T*x, T, T %)+ S(T7 %, 77 x, 7" x)

k

— 3

<2 S(Tkx,Tkx,Tk“x)
k=n
(2) Since {S,} is convergent, for every

>0 we can choose a sufficiently large
N € IN such that
Z:S(Tkx,Tkx,Tk+]x)<£
pm 2
for all n > N . Thus we get from (2) that
S(T”x,T”x,T”’x)< £
for all m,n> N, and so {T”x} is a Cauchy
sequence in O(x,0). Since (X,S) is
(x,T)-orbitally complete, — lim7"x = x’
exists.

(b) Using (1) and (2) we have
m—1
S(rx, 1", T x)<2 Y (1 x, T4 x, T4 x)

k=n

S2j2:[w(T )=y ()

o))
<2y("x)

Letting m tend to infinity, we have from
(a) and Lemma 1.7.

S(T”x,T”x,x')S 21//(7’”)()

(¢) Assume that Tx'=x'and {x,} is a

sequence in O(x,o0) with limx, = x’. Then

F(x')=S(x",x",Tx") < limsup S(x, , x,, T, )
=limsup F(x, ),

and so F is T-orbitally w.ls.c. at x’'

relative x.

Now let x, =7"x and F 1is T -orbitally

w.l.s.c. at x' relative x. Then from (a) and

Lemma 1.7. we have
0<S(x,x", Tx')= F(x') < limsup F(x, )

:limsupS(T"x,T”x,T””x): 0

Thus Tx'=x'.

Definition 2.2. [5] Let (X,S) be an S-

metric space. A map F: X — X is said to

be a contraction if there exists a constant
0<L<l
such that

S(F(x),F(x),F())<LS(x,x,y),
forall x,ye X.

From Theorem 2.1 we obtain the
following corollary which is slight
generalization of [5].

Corollary 2.3. Let (X,S) be an S -metric
space and 7 be a self mapping of X.
Suppose there exists an x € X such that 7
be a contraction mapping for all
y € O(x,), and

(X,S) is (x,T)-orbitally complete then
lim7"x=x"e X exists and x' is a unique
fixed point of 7'. Furthermore,

S(T"x,T"x,x')S%S(x,x, Tx)

where L is a contraction constant.

Proof: Define w(y):ﬁS(y,y,Ty) for

all y e O(x,). Since T is a contraction,
we have
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Thus we get,
S(v, 3, 1y) ==Ly (»)
=y (»)-Ly(y)
<y (y)-y(Iy).

Then lim7"x=x"e X follow immediately
from Theorem 2.1.

Since T is a contraction, 7 is a
continuous mapping and so from Lemma
1.7 we get F is T -orbitally w.l.s.c. at x’
relative x. Thus 7x'=x" from Theorem
2.1. Using (b) of Theorem 2.1 we have,

S(T"x,T”x,x')S 2!//(T”x)
<2L t//(T"_lx)
<20 y(rx)

<2L" y(x)

Ln

=2 7 S(x,x,Tx).

Corollary 2.4: Let (X,S) be an S -metric

space and 7 be a self mapping of X .
Suppose there exists an x € X such that,

ST, 17 y)< LSy y) (3
for all y € O(x,0) where 0 < L <1,
and (X,S) is (x,7)-orbitally complete.
Then
(a) lim7"x = x" exists,

(b) S(T"x,T"x,x')S%S(x,x,Tx),

(¢) Tx'=x'if and onlyif F(z)=S(x,x,Tx)
is T -orbitally w.l.s.c. at x' relative x.
Proof: Put y/(y):ﬁS(y,y,Ty) for all

Ve O(x,oo). Let yeT"x in (3), then we
have

S, 7, T x) < LS(T7 %, T %, T x)

and

S(rx, 7%, 7 x) = LS(T7 %, T"x, T"'x)
< S(rx, 7%, 7" %) - S0 %, 7" %, T"x)
and so
S(T"x,T”x,T””x)SL
-
[S(r7x, 7%, 77" %)= (1" x, 77" x, 7" )|

Thus we get
S, 1. Tv) <y () ~y (1Y)

so (a) and (c) are immediate from Theorem
2.1. Using inequality (3) we have
S(T”x,T"x,T"”x <L S(x,x,Tx)
and then from Theorem 2.1 (b) we get
S(T”x,T”x,x’)SZy/(T”x)
T (Y S R
1-L

LLS(x,x,Tx)

<2
and this gives (b).
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